We present a theoretical argument to derive a scaling law between the mean translocation time τ and the chain length N for driven polymer translocation. This scaling law explicitly takes into account the pore-polymer interactions, which appear as a correction term to asymptotic scaling and are responsible for the dominant finite size effects in the process. By eliminating the correction-toscaling term we introduce a rescaled translocation time and show, by employing both the Brownian Dynamics Tension Propagation theory [Ikonen et al., Phys. Rev. E 85, 051803 (2012)] and molecular dynamics simulations that the rescaled exponent reaches the asymptotic limit in a range of chain lengths that is easily accessible to simulations and experiments. The rescaling procedure can also be used to quantitatively estimate the magnitude of the pore-polymer interaction from simulations or experimental data. Finally, we also consider the case of driven translocation with hydrodynamic interactions (HIs). We show that by augmenting the BDTP theory with HIs one reaches a good agreement between the theory and previous simulation results found in the literature. Our results suggest that the scaling relation between τ and N is retained even in this case.
Introduction. The transport of a polymer through a nano-sized pore occurs in many biological processes and functions, including DNA and RNA translocation through nuclear pores, protein transport across membrane channels and virus injection [1] . The translocation process is also envisioned to have several biotechnological applications in gene therapy, drug delivery and rapid DNA sequencing [2] [3] [4] [5] . However, despite significant technological advances and considerable experimental [2, 6, 7] and theoretical studies, until very recently the connection between fundamental theory and numerical simulations and experiments has remained elusive (for a review, see, e.g., Ref. [8] ). Recently, we proposed a theoretical model of driven polymer translocation and showed that it explains and reproduces all of the results of relevant numerical simulations, hence providing a unifying view on the physics of driven polymer translocation [42, 43] . The model couples a Brownian Dynamics (BD) framework for one degree of freedom with the deterministic Tension Propagation (TP) theory [34] [35] [36] [37] . The model has so far been used to study driven translocation in the Rouse dynamics picture, where it was shown that the pore-polymer interactions induce strong finite size effects that persist for extremely long chains up to N ≈ 10 5 [43] .
The detailed formulation of the BDTP theory is rather involved [42, 43] and except for the asymptotic large N behavior no explicit analytic solutions to the theory have been found. The main purpose of this work is to find a scaling type of solution to the BDTP theory. This is extremely important in order to obtain an intuitive, physical understanding of the driven translocation process. We show here that the pore-polymer interactions appear as a correction-to-scaling term to the asymptotic behavior of the mean translocation time τ as a function of the chain length N . We show how this scaling relation can be used both to understand and quantify the effect of the pore-polymer interactions from molecular dynamics (MD) simulations or from experimental data. Most importantly, by eliminating the correctionto-scaling contribution we demonstrate that the corresponding rescaled exponent reaches its asymptotic limit already for chain lengths N < ∼ 10 2 -orders of magnitude faster than the conventional exponent. Finally, we discuss the effect of hydrodynamic interactions (HIs) by modifying the BDTP model to account for hydrodynamics in an approximate way. The effect of the HIs, as calculated from the BDTP model, is to shorten the translocation time and the corresponding effective exponent due to the increased (relative) importance of the pore-polymer interactions. The predictions of the BDTP model are shown to agree with previous simulation studies found in the literature. The result suggests that the scaling solution holds even with HIs, highlighting the importance of this result.
Theory. Although a details of the BDTP theory are complex, some central results can be derived from relatively simple arguments. To find the mean translocation time τ (or the mean translocation velocity v ), for a chain of length N , one needs to consider the force balance between the driving force f and the drag force, as suggested, e.g., in Ref. [7] . In principle, the total drag has three contributions: the friction due to the cis side subchain and the solvent, the corresponding friction for the trans side subchain and the friction of the chain portion inside the pore. For driving forces typically used in experiments and simulations, the trans side has an almost negligible contribution to the overall friction [42, 43] . Therefore, the effective friction Γ can be approximately written as Γ(t) = η cis (t) + η p , where η cis is the friction of the cis side subchain and η p is the (effective) pore friction. If the length of the pore, l p , is small compared to the contour length of the chain, l p aN (with a the segment length), the number of segments occupying the pore and thus the pore friction η p can be regarded as constant during the translocation process.
The friction due to the cis side subchain, on the other hand, depends explicitly on the number of mobile monomers on the cis side. Due to the nonequilibrium nature of the problem, this number depends not only on the chain length N but also on time t [17, 18, 32, 34, 36, 37, [40] [41] [42] [43] . Solved as a function of time, η cis (t) shows non-monotonic behavior that suggests the division of the translocation process into two stages: the tension propagation stage of increasing friction, and the post propagation stage of decreasing friction [42, 43] . However, averaged over the whole process, the time-averaged η cis is approximately given as η cis ∼ N ν , leading to the asymptotic (N → ∞) scaling of the mean translocation time as τ ∼ N ν+1 [40] [41] [42] [43] . The full solution of η cis (t) is rather involved (cf. Refs. [42, 43] ) and does not give much physical insight. We will now show that the result η cis ∼ N ν can be obtained with relatively simple argument, based in part on the work of DiMarzio [44] . In equilibrium, the polymer assumes a configuration comprising several loops. Before the driving force can be transmitted to any given chain segment, the preceding loops need to be straighthened. Only then can the tension propagate along the chain backbone. Therefore, at any given time the friction η cis is due to the motion of the unraveling loop closest to the pore, while the rest of the chain is essentially immobile. To estimate the average length of the loop, we note that for large N , the end-to-end distance of the polymer is given by the usual Flory scaling form R ∼ aN ν . To estimate the number of times the chain intersects a plane of thickness dR parallel to the membrane (see Fig. 1 ), we note that the number of segments within the plane, dN , is proportional to the average line density of monomers, N/R, giving dN ∼ N 1−ν dR. This is proportional to the number of times the chain intersects the plane and also approximately the average number of loops (for large N ). The average length of one loop is thus proportional to N/N 1−ν = N ν . The number of mobile monomers at any given time is therefore proportional to N ν , and the friction due to the drag on the cis side is η cis ∼ ηN ν , where η is the solvent friction per chain segment. The total effective, time-averaged friction is thus of the form Γ ≈ CηN ν + η p , with C an N -independent constant. For a sufficiently strong driving force f , one can ex- press the mean translocation time in terms of the average translocation velocity v . Force balance implies v = f / Γ . Since the driven translocation proceeds via gradual uncoiling of the whole chain, the relevant length scale of the process is the chain's contour length, aN (note that this is in contrast with the assumption of Ref. [7] , where uniform contraction of the cis side chain suggests the radius of gyration as the relevant length scale). Thus, τ = aN/ v = aN Γ /f . With respect to the chain length, the complete relation is then
where A and B are independent of N , andη p ≡ η p /η is the dimensionless pore friction. This scaling form is one of the main results in this paper. It shows that the influence of the pore friction appears as a correction-to-scaling to the asymptotic value of the translocation exponent α, defined via τ ∼ N α , which approaches α ∞ = 1 + ν from below. In addition, Eq. (1) suggests that if the dimensionless pore friction increases (e.g., by either decreasing the solvent friction η or by reducing the pore radius), the exponent α becomes smaller, especially for relatively short chains, in agreement with theory [43] and MD simulations [20, 22, 28, 31] .
Results. To clarify the influence of the pore friction on the translocation time, we have solved τ time as a function of chain length for different pore frictions using the BDTP model [42, 43] . Using τ (N ) ∼ N α , one can extract the effective scaling exponent α(N ) as α(N ) = d ln τ d ln N . Because of the linear sub-leading term in Eq. (1), α has a weak dependence on the chain length, and approaches 1 + ν extremely slowly with typical values of the parameters. Naturally, for largerη p , the dependence on N is more pronounced, as shown in Fig. 2 . The other parameter values used in solving the BDTP model were f = 5.0 (driving force), k B T = 1.2 (temperature), and ν = 0.588. To quantitatively show that the deviation from the asymptotic limit is caused by the pore friction, we subtract the correction-to-scaling term and define a rescaled translocation time τ † as τ † = τ − Bη p N and the corre-
According to Eq. (1), the rescaled translocation time can be expressed as
with the exponent α † independent of N at α † ≈ 1 + ν. In practice, to obtain the rescaled τ † , one has to find the numerical prefactor B by means of finite size scaling. In the inset of Fig. 2 this is done by plotting the translocation time data in the form τ /N 1+ν = A + Bη p N −ν . The coefficients A and B can then be obtained from a simple linear least squares fit.
The rescaled exponent α † as obtained from the BDTP model is shown in Fig. 2 as solid symbols. All the curves corresponding to different values ofη p collapse onto a single master curve within the numerical accuracy around α † = 1 + ν, also coinciding with the idealη p = 0 solution. For very short chains, the collapse is not perfect because of secondary finite chain length effects that come into play, and also because as a continuum level description the BDTP model may not accurately describe very short chains.
We have confirmed that the rescaling scheme works for raw data obtained from MD simulations, too, by performing Langevin thermostatted MD simulations using the Kremer-Grest bead-spring model [45] with typical parameters found in the literature (for a more detailed 1 2 log (N) description, see, e.g., Refs. [42, 43] ). We used the parameters f = 5.0, k B T = 1.2, η = 0.7, and pore diameter d p = 2.0 and length l p = 1.0 (both in units of the segment length a), which correspond to the dimensionless pore friction of aboutη p ≈ 5.6 [43] . The chain lengths in the simulations were 10 ≤ N ≤ 300, with τ averaged over at least 5000 successful events for each N . Plotting the effective exponent α(N ) reveals the same dependence on N as predicted by the theory. Furthermore, by performing finite size scaling similar to the BDTP case, we see that the rescaled exponent α † reaches the asymptotic value almost immediately; within the statistical error, the value is α † = 1 + ν already for N = 20. This shows that Eq. (1) is valid for remarkably short chains and that the dominant finite size effect in the driven translocation process is the frictional interaction between the pore and the polymer.
Finally, we would like to point out another important feature of the scaling solution. Used in reverse, the finite size scaling procedure can be used to estimateη p if its value is unknown for the pore geometry in question. By varyingη p so that the rescaled exponent becomes independent of N at α † ≈ 1 + ν, the pore friction can be measured for any geometry that satisfies l p aN . While measuring the pore friction directly from the monomer waiting time distribution as outlined in Refs. [42, 43] is more accurate, the reverse scaling procedure may be used even if the waiting time distribution is not available, as is typically the case in experiments.
Because the driven polymer translocation problem is inherently a dynamical, non-equilibrium process, it is expected that hydrodynamic interactions (HIs) from solvent should play a role. In the simplest approximation, the HIs can be included by considering the Zimm type of friction instead of the Rouse friction as in Langevin dynamics simulations. This means writing down the force balance condition such that the drag force (and the friction η cis ) is proportional to the linear length of the mobile subchain on the cis side, instead of being proportional to the number of mobile monomers. The rationale is that for intermediate forces, when the cis side subchain adopts a shape reminiscent of a trumpet (or a stem-and-flower), the solvent inside the trumpet is also set in motion and therefore the monomers inside the trumpet do not fully contribute to the drag force. Therefore, the overall drag force from the cis side subchain should be slightly smaller for the Zimm case. However, since the maximum linear length of the mobile part of the cis side subchain is still given by the end-to-end distance R ∼ aN ν , we expect Eq. (1) to hold even in this case, although with a smaller prefactor A in the leading term.
To test this simple argument, we have implemented the Zimm friction of the cis side subchain into the BDTP model. To this end, one merely modifies the force balance equation [e.g., Eq. (A1) in Ref. [42] ] so that the the drag force is given by the size of the tension blob (ξ) instead of the number of monomers within the blob (ξ 1/ν ). This amounts to replacing the force balance equation of Rouse type as f
ηv(x )dx , where v(x) is the instantaneous velocity of the monomers at position x, and x = −X is the location of the last mobile monomer. One then carries out the same numerical implementation as described in Refs. [42, 43] using the modified force balance equation. The difference between the Zimm and Rouse frictions in the context of the tension propagation formalism is also further discussed in Refs. [34, 36, 37, 40, 41] .
The comparison between the Rouse and Zimm dynamics is shown in Fig. 4 . In both cases the BDTP model was solved with f = 5.0, k B T = 1.2, η = 0.7, andη p ≈ 7.14 for up to N = 5 · 10 9 . For the Rouse friction, the effective exponent α(N ) is consistently larger than for the Zimm friction, and eventually approaches 1 + ν for large N . For the Zimm friction, the approach to the symptomatic limit is considerably slower. In fact, even for N ≈ 10 9 , the numerical value (α ≈ 1.57) still increases with N . To illustrate the importance of the pore friction term to the slow convergence, we have solved the model with zero pore friction (η p = 0), showing considerably faster convergence. Altogether, the numerical results in the large N limit seem to be in agreement with 1 + ν, which has also been predicted to be the asymptotic value using analytical approximations to the tension propagation theory [40, 41] .
In the short chain regime, we obtain α(N = 100) ≈ 1.37 ± 0.01 and α(N = 100) ≈ 1.31 ± 0.01 for the Rouse and Zimm cases, respectively. Although a detailed comparison with experiments or hydrodynamical simulations is difficult due to the lack of knowledge on the pore friction (η p ), the numerical value of 1.31 seems to be in good agreement with the experimental (α ≈ 1.27 ± 0.03, Ref. [7] ) and lattice-Boltzmann simulation results (α ≈ 1.28 ± 0.01, Ref. [33] ). In particular, the difference in the exponents measured with and without HIs (0.06 ± 0.02) matches the difference reported in Ref. [33] (0.08 ± 0.04). In addition, in agreement with computer simulations [18, 33] , the overall translocation time is reduced by the addition of the HIs, as shown in the inset of Fig. 4 . Conclusions. In this work, we have proposed using theoretical scaling arguments that the mean translocation time of a polymer driven through a nanopore can be written in the form τ ≈ A(f, η)N 1+ν + B(f, η)η p N . The first term is derived from the out-of-equilibrium dynamics of the cis side subchain and dominates for large N , while the second term stems from the interactions between the polymer and the pore and remains significant for the typical chain lengths in both experiments and computer simulations. This unified scaling form is an important physical result and powerful tool for analysis of driven translocation. By eliminating the correction-to-scaling term one can isolate and quantify the effect of pore friction by means of finite size scaling. We have demonstrated by using both a theoretical model of translocation dynamics and molecular dynamics simulations that the rescaled exponent reaches the asymptotic limit already for extremely short chains (N < 100), whereas the conventionally defined exponent does not. In addition, we argue that in the presence of hydrodynamic interactions, the translocation time becomes shorter but can still be expressed as a sum of the two terms. We present results from the theoretical model proposed in Refs. [42, 43] with hydrodynamic interactions, obtaining quantitative agreement in the scaling exponent α with both theoretical and experimental results reported in the literature.
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